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Abstract
The formulation of covariant brackets on the space of solutions to a variational problem is
analyzed in the framework of contact geometry. It is argued that the Poisson algebra on the space of
functionals on fields should be read as a Poisson subalgebra within an algebra of functions equipped
with a Jacobi bracket on a suitable contact manifold.
1 Introduction
The problem of describing a relativistic dynamical systems in a way which is manifestly covariant under
the action of the Poincaré group has been repeatedly addressed, and many answers have been proposed.
Since the work by Peierls [26], several proposals have been advanced in order to define a bracket for
field theories which would overcome the equal-time formalism which has been traditionally followed.
The Hamiltonian description, which has been extremely useful in order to define quantum dynamical
systems, seems to break the covariance from the very beginning due to the choice of a splitting of
the spacetime structure into space and time. However, a generalized Hamiltonian description has
been developed starting from the 80’s, where the role of symplectic geometry is replaced by the so
called multisymplectic formalism (see, for instance, [3, 4, 12], just to cite a few). In this context, the
works by Zuckerman, [1], and Witten and Crnkovic, [2], plays a relevant role because, starting from
the multisymplectic description, they introduced a Poisson bracket on the space of solutions of the
associated de Donder-Weyl equations. This Poisson bracket is the departure point for a quantum
description of the associated quantum fields.
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In the Lagrangian description, a different construction was already proposed some decades before.
In his pioneering work, Peierls introduced a manifestly covariant bracket on the space of fields which
are solutions of Euler-Lagrange equations. In his presentation, the action functional played a crucial
role, but many geometrical aspects were not clearly analysed. Later on, this description was further
developed by de Witt [24], who extended Peierls’ construction in order to deal with gauge theories and
more general fields theories.
In this letter we want to outline a novel point of view on the geometrical structures which underlie
the definition of covariant brackets on the space of functionals on solutions of field equations. The
main idea we want to convey in this letter is that the covariant bracket should be read in terms of a
Poisson subalgebra of the Jacobi algebra of functions on a suitable contact manifold associated with
the variational problem. In particular, we will analyze in detail the case of non-relativistic Hamiltonian
mechanics, and the relativistic particle. In a companion letter [17], we will apply the ideas introduced
here to the case of the Klein-Gordon fields, and the Schrödinger equation seen as a field equation. Since
the aim of this letter consists in showing the connections between apparently different approaches, we
will not focus too much on technical details, and reserve a more thorough exposition to future works.
2 Non-relativistic Hamiltonian Mechanics
In this section, we consider the non-relativistic Hamiltonian mechanics of particles and use a geometric
language which foreshadows future application to field theory. Let Q be a smooth manifold, with
local coordinates (ua), representing the configuration space of the particle. In the non-relativistic
framework, the existence of an absolute simultaneity leads us to consider the global “time manifold”
M = R, and define the extended configuration space E = Q× R, with local coordinates (ua, s) and
bundle projection pi0 : E →M locally given by pi0(ua, s) = s.
The manifold P = T∗Q×R, where T∗Q is the cotangent bundle of Q with local bundle coordinates
(ua, pa), is the extended phase space of the theory. The extended phase space P, with the associated
coordinates1 (ua, pa, s), is a trivial bundle with projection pi : P → M given by
ρ(ua, pa, s) = s (1)
Given an Hamiltonian function H : P → R, we consider the 1-form θH given by
θH = padua −Hds , (2)
where padua is the (pullback to the extended phase space of the) tautological form on T∗Q, and ds is
(the pullback to the extended phase space of) a volume form on the base manifold2. The manifold P
is a contact manifold with contact 2-form ωH = dθH (see [5, 6, 13] for the relevant definitions), and
the 1-form θH is called contact 1-form. The 2-form ωH possesses a family of vector fields in its kernel,
called Reeb fields, which generates the so called characteristic leaves of the contact manifold. Since
ωH = dθH , it is possible to choose a particular Reeb vector field by fixing its value on θH , i.e., by
1If necessary, we will assume these coordinates to be globally defined.
2For more details we refer to [12].
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fixing a parametrization, and this will be relevant below when dealing with the equations of motions
determining the dynamical trajectories of the system.
From a mathematical point of view, the fields of the theory are sections χ of P, that is, smooth
maps such that pi ◦ χ = idM. In coordinates, any such χ satisfies
χ(s) = (ua(s), pa(s), s) , (3)
which clearly shows that the fields always come with a prescribed parametrization in terms of the
parameter s.
The following diagram will be helpful to keep track of all the definitions introduced up to now.
E = Q× R P = T∗Q× R
M = R
pi0
piE
pi
χ
We write FP for the space of all these sections, which is not a smooth manifold in general, and a
case-by-case analysis is required in order to equip it with the structure of a Banach or Hilbert manifold.
Nevertheless, in the following we will consider FP as a differential manifold from a formal point of
view and we will use accordingly the notion of tangent vectors and differential forms. This will help in
clarify the geometrical aspects of the constructions involved in the definition of the Action principle.
A variation for χ ∈ Γ is thought of as a tangent vector at χ as follows. Given χ ∈ FP , consider a
one-parameter family χ˜(v, s) of elements in FP , with v ∈ ]−, [, such that χ˜(v = 0, s) = χ(s). Two
such families χ˜1 and χ˜2 are defined to be equivalent if their “derivatives” with respect to v coincides at
v = 0. Then, a variation of χ is defined as an equivalence class of “tangent vectors” at v = 0 that can
be written as
Uχ = (δua(s), δpa(s), s) =
∂
∂v
(χ˜)v=0 , (4)
and thus identifies a vector field
Uχ = δua(s)
∂
∂ua
+ δpa(s)
∂
∂pa
(5)
along the section χ(s) which is vertical with respect to the fibration pi : P →M. The tangent space
TχFP at χ is given by all the Uχ. In the following, it will be useful to extend Uχ to a vertical vector
field U˜ in a neighbourhood of the image of χ inside P.
Now, we pass to describe the dynamics in terms of the (Schwinger-Weiss) action principle. Given a
Hamiltonian function H, we build θH as in Eq. (2), and the action functional S : FP −→ R given by
S[χ] =
∫
M
χ∗(θH) =
∫
M
(
pa
dua
ds −H
)
ds =:
∫
M
L(H)ds . (6)
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Given Uχ ∈ TχFP , the variation3 dS[χ](Uχ) of S with respect to δχ at χ is nothing but [27]
dS[χ](Uχ) =
∂
∂v
S[χ˜]|v=0 =
∫
M
χ∗(LU˜θH) =
∫
M
χ∗(iU˜ )dθH +
∫
M
χ∗(diU˜θH), (7)
where U˜ is any extension of Uχ. Exploiting Stokes’ theorem, we have
dS[χ](Uχ) =
∫
M
χ∗(iU˜dθH) +
∫
∂M
i∗∂Mχ
∗(iU˜θH) =
∫
M
χ∗(iU˜dθH) (8)
because the boundary term vanishes being ∂R = ∅. The action principle states that the dynamical
trajectories satisfy the Euler-Lagrange equations
ELχ(Uχ) :=
∫
M
χ∗(iU˜dθH) = 0 , ∀Uχ ∈ TχFP , (9)
that can be geometrically interpreted as the contraction of the 1-form EL with a tangent vector
Uχ ∈ TχFP . In the case of a field theory in which the base spaceM has a non-trivial boundary, we
have
dSχ(Uχ) = ELχ(Uχ) +
∫
∂M
i∗∂Mχ
∗(iU˜θH), (10)
and the equations of motions are obtained by considering the action principle in the Schwinger-Weiss
form, where the variation of the action functional at a solution is assumed to depend only on the value
of the fields at the boundary. We also note that such a geometrical reformulation of the Schwinger-
Weiss variational principle could be useful to introduce a Quantum Action Principle in the groupoid
reformulation of Schwinger’s algebra of selective measurements which has been recently proposed by
some of the authors (see [15,16,19–22] for more details).
The space of dynamical trajectories is denoted by ELM. From Eq. (9), the dynamical trajectories
are easily seen to satisfy Hamilton equations
ds
ds = 1,
dua
ds =
∂H
∂pa
,
dpa
ds = −
∂H
∂ua
, (11)
where the first equation follows from the requirement for χ to be a section of pi : P →M. As we will
now see, ELM is endowed with a (pre)symplectic structure. Let us fix s0 ∈M and think of Σ ≡ {s0}
as a codimension-one submanifold ofM embedded via the canonical immersion iΣ. Then, we define
the 2-form Ωs0 on ELM given by
Ωs0χ (Uχ, Vχ) =
∫
Σ
i∗Σχ
∗(iV˜ iU˜dθH) = δu
a
U (s0) δpVa (s0)− δuaV (s0) δpUa (s0) , (12)
where χ ∈ ELM and4 Uχ, Vχ ∈ TχELM. We want to show that, since χ belongs to the submanifold
ELM ⊂ FP , Ωs0χ is actually independent of the choice of a specific Σ ⊂M. Indeed, we may consider
3In case a Banach space structure for FP exists, dS can be thought of as a proper differential, otherwise, it should be
read as formal differential.
4The formal tangent space TχELM may be defined in analogy with TχFP by considering one-parameter families of
solutions in ELM.
4
s0 < s1 ∈M, and takeM01 = [s0, s1] as the base manifold of our theory so that we have
Ωs1χ (Uχ, Vχ)− Ωs0χ (Uχ, Vχ) =
∫
∂M01
i∗∂M01χ
∗(iV˜ iU˜dθH). (13)
Then, Eq. (10) implies
dSχ(Uχ) = ELχ(Uχ) +
∫
∂M01
i∗∂M01χ
∗(iU˜θH), (14)
and thus
− dELχ(Uχ, Vχ) =
∫
∂M01
i∗∂M01χ
∗(iU˜ iV˜ dθH) = Ω
s1
χ (Uχ, Vχ)− Ωs0χ (Uχ, Vχ). (15)
However, if χ is a dynamical trajectory then dELχ(Uχ, Vχ) = 0 and thus
Ωs1χ (Uχ, Vχ)− Ωs0χ (Uχ, Vχ) = 0 (16)
as claimed. Consequently, we will write Ω instead of Ωs0 .
If Ω is invertible, then we obtain a Poisson bracket on the space of functionals on ELM, which is
covariant in the sense that it transforms covariantly under the action of the symmetry transformations
preserving ELM. However, the bracket associated with Ω is difficult to compute precisely because
it requires us to invert Ω. For instance, Peierl’s approach [26] always requires to find the advanced
and retarded Green functions of some system of differential equations [8, 10,11, 23]. Here, we want to
provide an alternative way to realize the bracket associated with Ω which relies on the contact structure
of the extended phase space. Specifically, we will see that ELM may be identified with a suitable
quotient space of the extended phase space, in such a way that the functionals on ELM are identified
with a particular subalgebra of smooth functions on the extended phase space. This subalgebra will
then be proved to inherit a Poisson bracket coming from the Jacobi bracket naturally associated with
the contact structure [7, 13]. This Poisson bracket is precisely the Poisson bracket associated with Ω.
At this purpose, we start noting that the dynamical trajectories satisfying Eq. (11) can be described
as the integral curves of the vector field XH given by
XH =
∂
∂s
+ ∂H
∂pa
∂
∂ua
− ∂H
∂ua
∂
∂pa
(17)
on P satisfying
iXHdθH = 0 . (18)
This means that the vector field XH is in the kernel of the contact 2-form dθH and determines a
particular parameterization, in terms of the evolution parameter s, of the characteristic foliation of
the contact manifold. It must be noted, indeed, that any vector field of the form f XH , with f a
smooth, non-vanishing function on P is again in the kernel of dθH , and the support of its integral
curves coincide with the support of the integral curves of XH . Accordingly, we may interpret the
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integral curves of f XH as reparametrizations of the dynamical trajectories. The particular choice5
iΓθH = 1 defines what is usually called Reeb vector field. Let us notice that iXHθH = L(H), therefore
the integral curves of the Reeb vector field Γ will not be sections of pi : P → M anymore. Under
suitable regularity properties for XH , the family of its integral curves defines a regular foliation of the
manifold P, and the associated quotient space, say NH , inherits a differential structure. Furthermore,
it should be clear now that every point in NH can be identified with one and only one element in ELM
as anticipated before, and thus we see that the space of dynamical trajectories inherits the structure of
a finite-dimensional smooth manifold.
Now, we may look at the algebra of smooth functions on NH as a subalgebra of the algebra of
functions on P, specifically, the algebra C∞H (P) of functions f ∈ C∞(P) such that LXHf = 0. Since
we are assuming that NH is diffeomorphic to ELM, the algebra C∞(NH) will be isomorphic to the
algebra C∞(ELM). Then, on this realization of the algebra of smooth functions on NH is possible to
describe the Poisson bracket associated with Ω in terms of the Jacobi bracket on P naturally associated
with the contact structure. Indeed, since P is a contact manifold, there is Lie bracket [·, ·]J on the
space of smooth functions, called Jacobi bracket, which is the contact counterpart of a Poisson bracket
on a symplectic manifold [7, 13]. The Jacobi bracket may be written in terms of a bivector Λ and the
Reeb vector field Γ as
[f, g]J = Λ(df, dg) + fLΓg − gLΓf . (19)
Referring to the so-called generalized Darboux coordinates [5] (Qa, Pa,W ) according to which the
contact 1-form can be written as θH = dW + PadQa, the Reeb vector field becomes Γ = ∂∂W , and the
bivector Λ is expressed as
Λ =
(
∂
∂Qa
− Pa ∂
∂W
)
∧ ∂
∂Pa
. (20)
Let us notice that it is possible to add any function of (Qa, Pa) to W without altering the form,
and similarly we may perform any canonical transformation on the variables (Qa, Pa). Even if the
Jacobi bracket satisfies the Jacobi identity, it does not give rise to derivations for the product of
functions, differently from what happens for a Poisson bracket. Given a function f ∈ C∞(P), there is
an associated “Jacobian” vector field Xf = Λ(df, ·) + fΓ such that
[Xf , Xg] = X[f,g]J . (21)
Moreover, the (pointwise) subalgebra C∞H (P) is also a Lie subalgebra with respect to the Jacobi bracket
given in Eq. (19), and it is straightforward to prove that
[f, g]J = Λ(df, dg) , (22)
for f, g ∈ C∞H (P), so that it is actually a Poisson subalgebra in the sense that the bracket defines
derivations of the pointwise product in C∞H (P). This bracket on C∞H (P) represents the Poisson bracket
associated with Ω on ELM from the unfolded point of view.
5It may happen that this condition may be fulfilled only on an open submanifold of P, for instance, if there are
degenerate dynamical trajectories consisting of points. Furthermore, if P = T∗Q× R is replaced by a manifold in which
the contact two-form is not exact, like it happens for the unitary evolutions of pure quantum states [14,18] where T∗Q
would be replaced by the complex projective space CP(H), the choice of the normalization of XH must be dealt with
differently.
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On the other hand, there is another way to describe the Poisson bracket on functions on ELM which
is linked to an identification ofNH inside P . Specifically, let us assume for simplicity that the generalized
Darboux coordinates (Qa, Pa,W ) are globally defined so that the level set W := W−1(c0), with c0 ∈ R,
is a submanifold of P which is diffeomorphic to6 T∗Q. Furthermore,W can be identified with the space
NH because, in this new set of coordinates, XH is transversal to W and the dynamical trajectories
χ may be labelled by points in W. Therefore, the space of solutions ELM can be identified with W
which is a symplectic submanifold of the contact manifold P, the symplectic form being the pullback
of the contact 2-form to W. Now, given a function f ∈ C∞(W) ∼= C∞(NH) ∼= C∞H (P) ∼= C∞(ELM)
we can define the vector field
Xf = ΛW(df , ·) , (23)
where ΛW is the inverse of the symplectic form onW . Then, a Poisson bracket on C∞(W) ∼= C∞(ELM)
is easily given by
{f, g}W = ΛP(df , dg) = LXf g. (24)
It is not hard to see that
i∗W ([f, g]J) = {i∗Wf, i∗Wg}W , (25)
where f, g ∈ C∞H (P), and iW : W −→ P is the canonical immersion, meaning that the two brackets
agree. However, note that the bracket {·, ·}W depends on the particular choice of the function W and,
therefore, on the identification of W with NH , and thus introduces an arbitrariness, while the bracket
[·, ·]J emerges naturally from the contact structure on the extended phase space P . This identification
leads to a decomposition of the space X(P) of vector fields on P into the direct sum
X(P) = Xv(P)⊕ Xh(P) (26)
of vertical and horizontal vector fields, which is the choice of a connection of the bundle pi : P →M.
As we have said, this choice is not univoquely determined. Indeed, if we choose a different system of
coordinates, namely:
Q˜a = Qa , P˜a = Pa , W˜ = W +
PaQ
a
2 (27)
the contact 1-form θH and 2-form ωH as well as the Reeb field Γ and the bivector field Λ are expressed
as follows:
θH = dW˜ − P˜a2 dQ˜a + Q˜
a
2 dP˜a , ωH = dP˜a ∧ dQ˜a
XH = ∂∂W˜ , Λ =
(
∂
∂Q˜
a − P˜a2 ∂∂W˜
)
∧
(
∂
∂P˜a
+ Q˜a2
∂
∂W˜
)
.
Therefore, the level set of the function W˜ are transversal to the vector field XH and one can identify
the quotient space NH with the submanifold P ⊃ W˜ = W˜−1(c0), for some c0 ∈ R. The pullback of the
2-form to W˜ is the symplectic form ω˜H = dP˜a ∧ dQ˜a and the bivector field associated with the Poisson
bracket on the algebra of functions C∞(W˜) is
Λ˜W =
∂
∂P˜a
∧ ∂
∂Q˜a
. (28)
6If the Darboux coordinates are not global, one should look for a foliation which is transversal to the characteristic
foliation associated with ω, and such that its leaves are symplectic submanifolds.
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It is immediate to notice that this bivector field is not tangent to the level set of the function
W = W˜ − P˜aQ˜a2 , showing explicitly the dependence of the lift
Xf = Λ˜W(df , ·) (29)
on the identification of NH with the different submanifold W˜ ⊂ P. On the other hand it is still true
that
i∗˜W ([f, g]J) =
{
i∗˜Wf, i
∗˜
Wg
}
W˜
, (30)
where f, g ∈ C∞H (P), and iW˜ : W˜ −→ P is the canonical immersion.
The following diagram will pictorially summarize the previous discussion.
T∗Q ' W P = T∗Q× R i∗Σ(P) ' T∗Q
ELM NH T∗Q
iW
XH ∂
∂s
i∗Σ(pi)
'
The extended phase space P can be foliated with respect to the action of the vector fields XH
associated with the dynamics, and ∂∂s associated with the absolute simultaneity on E. The two
quotients are NH and T∗Q, respectively. The latter can be identified with the space of fields on a
codimension-one submanifold of the base manifold M. The former, which represents the space of
solutions, can be identified with a submanifold W ⊂ P of constants of the motion. This submanifold
corresponds to a “dynamical simultaneity surface” for a chosen “dynamical time” W . This choice
allows us to define a Poisson bracket on the space of function C∞(W) ∼= C∞(NH), using the symplectic
structure which is the pullback of ωH to W. However, C∞(NH) is isomorphic to C∞H (P), which is a
subalgebra of C∞(P) with respect to the Jacobi bracket defined on the exact contact manifold P . This
subalgebra is actually a Poisson subalgebra, and in this case the definition of the bracket does not
depend on the choice of a section of the quotient manifold NH within P.
Example 1. As an example of the whole construction let us consider the motion of a free particle on
a line. In this case the configuration manifold is Q = R and the Hamiltonian function is H = 12p2. If
we exclude the zero section p = 0 in P = T∗R× R, the contact structure is defined via the differential
forms:
θH = pdq − 12p
2ds , ωH = dθH = dp ∧ dq − pdp ∧ ds , (31)
and the Hamiltonian vector field XH determining the dynamics is:
XH =
(
∂
∂s
+ p ∂
∂q
)
. (32)
The Darboux coordinates are:
W = p
2
2 s , Q = q − ps , P = p , (33)
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which are obtained via the canonical transformation generated by the solution S(Q, q, s) of the Hamilton-
Jacobi equation ∂S∂s +H(q,
∂S
∂q ) = 0
S = (q −Q)
2
2s . (34)
The Jacobi bracket can be written in terms of the bivector field
Λ =
(
∂
∂Q
− P ∂
∂W
)
∧ ∂
∂P
(35)
and the Reeb field Γ = 2
p2XH , which in the new coordinates reduces to Γ =
∂
∂W . The space of solutions
can be identified, for instance, with the submanifold W defined by the condition W = 0, which is a
symplectic manifold with the symplectic structure given by ω˜ = dP ∧ dQ.
In this new set of coordinates the flow associated to the vector field is the identity map and the
vector field Xf associated with any function f ∈ C∞(NH), is constant along a solution of the Hamilton
equations. Then
Xf =
∂f
∂P
∂
∂Q
− ∂f
∂Q
∂
∂P
(36)
the Poisson bracket {f, g}W is simply LXf g.
3 Relativistic particle
A different situation emerges if one considers the dynamics of a relativistic particle. Indeed, in the
relativistic context, the extended phase space the way we have considered in previous section is not
available because of the absence of an absolute notion of simultaneity, i.e., it is not possible to select
a “time function” projecting on R while preserving Poincaré invariance. For a massive particle, the
relativistic counterpart of the extended phase space is given by the mass-shell submanifold. Then, the
choice of a fibration of the mass-shell submanifold reflects the choice of a reference frame which, as we
will see, may be “kinematical” or “dynamical”.
Let us consider Minkowski spacetime E = (R4, η), where η = du0 ⊗ du0 − δjkduj ⊗ duk is the
Minkowski metric tensor with (u0, u1, u2, u3) a global Cartesian coordinates system. The cotangent
bundle T∗E, with global Cartesian coordinates (uµ, pµ), is interpreted as the energy-momentum bundle
for a single particle, and, as said before, to deal with a specific particle, say a spinless particle with
mass m, we must consider positions and momenta satisfying the mass-shell relation7
φ(uµ, pµ) = ηµνpµpν = m2 , (37)
defining a submanifold P of T∗E. Note that this submanifold is invariant with respect to the cotangent
lift of the canonical action of the Poincaré group on E.
The relativistic analogue of the extended phase space T∗Q×R is precisely the mass-shell P ⊂ T∗E,
and the fibration of P ontoM = R depends on the choice of a time function τ : P −→M. For the
7In the following, we will focus only on the connected component of Σm individuated by p0 > 0, and, with an evident
abuse of notation, we will keep denoting it by Σm.
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moment, we will make use of a kinematical time function, which is defined in terms of a time function
in the sense of general relativity, that is, a smooth function t : E → M giving rise to a spacetime
splitting where the spacelike leaves are the level sets of t. Note that a time function exists on every
causal spacetime, and, in particular, on every globally hyperbolic spacetime like Minkowski spacetime.
Then, we define the kinematical time function τ : P →M setting
τ := piP ◦ t, (38)
where piP is the pullback to P of the canonical cotangent bundle projection pi : T∗E → E. For instance,
if (u0, u1, u2, u3) is the set of global Cartesian coordinates on E given above, we may set t := u0, so
that τ(uµ, pµ) = u0. It is not hard to see that this choice of the time function τ gives a diffeomorphism
between P and T∗R3×R which, as we will see below, leads to the description of the relativistic particle
à la Landau.
The fields are sections of τ : P →M and the space of all such fields is denoted by FP . For instance,
every χ ∈ FP is locally written as
χ(s) = (s, uj(s), pµ(s)) , (39)
which clearly shows that the fields always come with a prescribed parametrization in terms of the
parameter s.
Now, just as we did in the previous section, we identify a variation along χ with a vector field Uχ
along χ itself, which is vertical with respect to τ : P −→M
Uχ = δuj(s)
∂
∂uj
+ δpµ(s)
∂
∂pµ
, (40)
and, because of the mass shell constraint given in Eq. (37), must satisfy
ηµνδpµ(s) pν(s) = 0 (41)
for all admissible variations δpµ(s).
The pullback to P of the canonical symplectic form ω = dpµ ∧ duµ on T∗E determines a contact
2-form denoted by ωm, while the pullback to P of the tautological 1-form θ = pµduµ on T∗E determines
a contact 1-form denoted by θm. Then, it should not come as a surprise that the role of θH in this
relativistic context is taken by the 1-form θm, so that the action functional reads
S[χ] :=
∫
M
χ∗θm . (42)
Proceeding as in section 2, we obtain
dS[χ](Uχ) =
∫
M
χ∗(iU˜dθm) +
∫
∂M
i∗∂Mχ
∗(iU˜θm) =
∫
M
χ∗(iU˜dθm), (43)
because ∂M = ∅. Therefore, the Schwinger-Weiss action principle allows us to characterize the set of
dynamical trajectories ELM as the set of all χ ∈ FP satisfying
ELχ(Uχ) =
∫
M
χ∗(iU˜dθm) = 0 ∀Uχ ∈ TχFP . (44)
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An explicit computation shows that the dynamical trajectories must satisfy
du0
ds = 1,
duj
ds = −
δjkpk
p0
,
dpµ
ds = 0.
, (45)
As done in section 2, considering Σ = {s0} ⊂ M as a codimension-one submanifold of the base manifold
of the fibration τ : P →M, it is possible to define the 2-form Ωs0 on ELM given by
Ωs0χ (Uχ, Vχ) =
∫
Σ
i∗Σχ
∗(iV˜ iU˜dθH) = δu
j
U (s0) δp
V
j (s0)− δujV (s0) δpUj (s0) , (46)
and it is possible to show that Ωs0 actually does not depend on the choice of s0 following the argument
given in section 2.
The dynamical trajectories can be identified with the integral curves of the vector field
X = ∂
∂u0
− δ
jkpk
p0
∂
∂uj
(47)
on P satisfying
iXωm = 0 . (48)
This is precisely the description of the relativistic particle done by Landau and Lifshitz [25]. Indeed,
by solving the mass-shell constraint in Eq. (37) with respect to p0, we obtain
p0 =
√
δjk pjpk +m2, (49)
and thus, setting H := p0 and s = u0, θm reads
θm = pj dxj +H ds, (50)
so that we can re-interpret the system as a Hamiltonian system with Hamiltonian given by H = p0.
However, it is important to stress that this Hamiltonian interpretation is tied to the choice of the
kinematical time function τ = u0. As we will now see, a different choice of time function leads to a
different description of the system.
Now, we will describe the Poisson bracket on the space of functionals on the space of solutions
ELM in terms of the Jacobi bracket on P following the steps outlined in section 2. First of all, we
note that the vector field X above is in the kernel of ωm as it should be, but it satisfies iXθm = m
2
p0
.
However, the Reeb vector field Γ is:
Γ = η
µνpµ
m2
∂
∂uµ
. (51)
The quotient space with respect to the characteristic foliation determined by X, or any other vector
field proportional to it, is the so-called “frozen” phase space [9]. The Jacobi structure on the algebra of
functions C∞(P) can be written in terms of Γ and the bivector
Λ =
(
δµν −
pνpρη
ρµ
m2
)
∂
∂pµ
∧ ∂
∂uν
. (52)
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We should stress here that while space-time coordinates are functions on P , they would not be functions
on the frozen phase-space, and therefore we would not be able to compute their Poisson bracket
according to the symplectic structure defined on it. Then, the Jacobi bracket of two generic functions
f, g ∈ C∞(P) is
[f, g]J = Λ(df, dg) + fLΓg − gLΓf , (53)
from which one derives that the position functions uµ on P do not commute
[uµ, uν ]J =
uµpν − uνpµ
m2
. (54)
Recall that the cotangent lift of the canonical action of the Poincaré group on E leaves P invariant,
and the Jacobi bracket [·, ·]J is itself invariant because both Λ and Γ are invariant. The functions
Jµν = uµpν −uνpµ and pµ close on the Lie algebra of the Poincaré algebra, and the associated Jacobian
vector fields are
Xµν = uµ ∂uν − uν ∂uµ + pµ ∂pν − pν ∂pµ (55)
Xµ = ∂∂uµ , (56)
which coincide with the restriction to P of the infinitesimal generators of the canonical action of the
Poincaré group on T∗E. This means that the same vector fields may be thought of either as the
canonical ones restricted to the “mass-shell”, or as the Jacobi vector fields associated with “momenta”
and “angular-momenta” functions directly on P . This means that there is a realization of the Poincaré
group in terms of Jacobi vector fields. We should notice that while the Lie bracket is well defined
for vector fields, for functions we only have a Jacobi bracket, the Poisson bracket from T ∗E does not
“restrict” to functions on the mass-shell.
A possible choice of Darboux coordinates for P, say (Qj , Pj , T ) with j = 1, 2, 3, contains the
so-called Newton-Wigner positions and the momenta
Qj = uj + p
j√
pjpj +m2
x0, Pj = pj (57)
which are “constants of the motion” in P ⊂ T∗E with respect to the vector field X, and the dynamical
time function
T = pµuµ (58)
satsifying LΓT = 1 on the mass-shell. Clearly, if T is taken to be the bundle projection, T : P →M,
then P can be again represented as T∗Q× R by means of the Darboux coordinates (Qj , Pj , T ), and
the resulting Hamiltonian system is “frozen” in the sense that there is no evolution of the Qj ’s and the
P j ’s. This is in sharp contrast with the description à la Landau.
From the above discussion it emerges that, since the notion of simultaneity depends on the choice of
a reference system, the bundle structure t : E →M does not possess an invariant character with respect
to the action of the Poincaré group. After the choice of a time function τ on P, either kinematical or
dynamical, the solutions of the variational problem associated with the action functional S are integral
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curves of a vector field X. Since the bundle structure is not Poincaré invariant, the canonical action of
the Poincaré group on the mass-shell P does not preserve the space of solutions of the Euler-Lagrange
equations, which are sections of this bundle. Therefore, when we consider a one-parameter family
of sections, providing a foliation of the total space P with respect to the projection onto NH , the
canonical action of the Poincaré group will not preserve it and the Poisson bracket constructed out of
it will not be invariant with respect to this action. Moreover the space of functions on every leaf of the
foliation will only contain constants of the motion of the vector field X, and the physical space-time
positions uµ are not. On the other hand the Jacobi bracket on C∞(P) is invariant with respect to the
canonical action of the Poincaré group and it is defined also for the coordinate functions uµ, which are
not commuting with respect to this bracket.
In order to avoid the choice of a reference system, one can work in a different setting. Indeed,
without introducing a time function on P, one can consider embeddings χ : M = R 7→ P of the real
line M into the mass-shell, which are transversal to the fibres of the bundle piP : P → E, i.e., the
map piP ◦ χ : M 7→ E is still an embedding. The space of fields FP becomes the space of all these
embeddings and a variation can be identified with a vector field along χ which, however, does not need
to be vertical anymore, with respect to a possible bundle-projection onto R. Therefore, when we apply
the Schwinger-Weiss action principle we get:
χ∗(iU˜dθm) = δu
µp˙µ + δpµu˙µ = 0 (59)
where U˜ = δuµ ∂∂uµ + δpµ
∂
∂pµ
satisfies
ηµνδpµpν = 0 .
Therefore, one gets the following Euler-Lagrange equations:
p˙µ = 0,
(
δµν −
pµpν
m2
)
x˙ν = 0 , (60)
and this set of equations is clearly invariant under reparametrization of the embedded manifold. There-
fore, the solutions are equivalence classes of curves with respect to the action of the reparametrization.
Due to the invariance of the 1-form θm, this system of equations is invariant under the canonical
action of the Poincaré group on P, and the space of solutions ELM is preserved, too. In order to find
an expression of the bracket on ELM, one can choose a parametrization, which amounts to fixing a
gauge, coming back to the previous analysis. However, in this case the action of the Poincaré group
will preserve the space of solutions, provided that the parametrization can be changed according to
the imposed transformation. The Jacobi bracket, however, would remain always the same, due to its
invariant behaviour.
In conclusion we may summarize the situation in simple terms. Any dynamical system on the eight
dimensional phase-space given by the cotangent bundle of space-time requires a manifold of Cauchy
data (space of constants of the motion) which is seven dimensional. Families of integral curves may be
selected by fixing one of the Cauchy data pertaining to the family, say the rest mass. In this way only
six dimensional submanifolds of Cauchy data are required, and they carry a symplectic structure. Any
attempt to introduce canonically conjugate pairs of Cauchy data with the requirement that half of
them may possibly be identified with physical positions, while preserving invariance under the Poincaré
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group will fail. Thus, we are forced to use an odd dimensional carrier space if we wish to preserve the
Poincaré invariance of our description. On this carrier space the only available Lie brackets among
functions is a Jacobi bracket.
4 Conclusions
In this letter we presented an alternative point of view for the description of the covariant bracket on
the space of functionals on solutions to a variational problem. Specifically, we outlined the relevance of
contact geometry and the Jacobi bracket naturally emerging in this context. The space of solutions
ELM to the variational problem for non-relativistic Hamiltonian mechanics and for the relativistic
particle is shown to be diffeomorphic to a quotient of a suitable contact manifold (e.g., the extended
phase space and the mass-shell submanifold). Therefore, the algebra of smooth functions on ELM
may be identified with the subalgebra of smooth functions on the unfolded contact manifold which is
invariant with respect to vertical transformations. This subalgebra turns out to be a Poisson subalgebra
of the algebra of smooth functions on the contact manifold endowed with the Jacobi bracket. In this
way, an unfolded description of the Poisson bracket on smooth functions on ELM is given.
In a companion letter [17], we provide some general considerations on how to extend this approach
to fields and illustrate these ideas in the case of Klein-Gordon fields, and the Schrödinger equation,
proving that the contact framework and its associated Jacobi bracket provide a “choice-invariant”
framework also in the context of more general field theories. Having in mind the passage to the
quantum case, the analysis presented here seems to point out at the necessity of understanding the
quantum analogue of contact manifolds and their Jacobi brackets by means of the operator-Lagrangian
and Quantum Action Principle as proposed by Schwinger.
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